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Letter to the Editor
I have a correction to and a remark on the Cuadras [1] extension of the Hoeffding identity to general functions, which
concern Kendall’s tau and the Quesada-Molina [2] extension, respectively.
Cuadras [1] proved that if X, Y are two random variables with bivariate cdf H and univariate marginals F ,G, and α, β are
functions of bounded variation such that the expectations exist, then
E[α(X)β(Y )] − E[α(X)]E[β(Y )] =
∫
R2
[H(x, y)− F(x)G(y)]dα(x)dβ(y), (1)
which gives the covariance cov(α(X), β(Y )).
Quesada-Molina [2] proved that if K(x, y) is a real quasi-monotone function in the sense that K(x′, y′) − K(x′, y) −
K(x, y′)+ K(x, y) ≥ 0, for all x ≤ x′ and y ≤ y′, the cdf of X, Y is H , and the cdf of X∗, Y ∗ is H∗ = F × G, then
E[K(X, Y )] − E[K(X∗, Y ∗)] =
∫
R2
[H(x, y)− F(x)G(y)]dK(x, y). (2)
Cuadras [1] finds Spearman’s rho from (1): ρS = 12
∫
R2 H(x, y)dF(x)dG(y)−3, and provides the following expression for
Kendall’s tau:
τ ∗ = 4
∫
R2
[H(x, y)− F(x)G(y)]dH(x, y). (3)
However, (3) does not give the true Kendall’s tau: τ = 4 ∫R2 H(x, y)dH(x, y) − 1, so τ ∗ is incorrect. Indeed, combining the
above equations for ρS and τ , we have
3τ − ρS = 12
[∫
R2
H(x, y)dH(x, y)−
∫
R2
H(x, y)dF(x)dG(y)
]
.
But
∫
R2 HdFdG =
∫
R2 FGdH (we omit x, y). This follows as a consequence of (2) on taking K = H:∫
R2
HdH −
∫
R2
HdFdG =
∫
R2
HdH −
∫
R2
FGdH.
Therefore
∫
R2 [H(x, y)− F(x)G(y)]dH(x, y) = (3τ − ρS)/12. Thus the above τ ∗ is actually
τ ∗ = τ − ρS
3
.
In general, (1) is not a direct consequence of (2). Take, for example, α increasing and β not monotone. Then K(x, y) =
α(x)β(y) could not be quasi-monotone. However, as dK(x, y) = dα(x)dβ(y), we may interpret (1) as an extension of (2)
when K is the product of two functions, K being not necessarily quasi-monotone. On the other hand, as α, β are functions
of bounded variation, we have α = α1 − α2, with α1, α2 increasing functions, and similarly β . Then a little algebra shows
that (1) can be proved from (2).
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